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Abstract

We prove a converse to a Bernstein polynomial inequality for g-monotone func-
tions. Let ¢ > 2 and f € C[0,1]. If f satisfies the strengthened inequality of
Abel, Leviatan, and Rasa (Results Math. 77, 239, 2022) for every n > 1 and
0 <y <z <1, then f is g-monotone. This resolves their open problem under
continuity alone, removing the smoothness assumptions in their partial con-
verses (Results Math. 78, 41, 2023). Together with the known direct implication,
this yields a characterization of g-monotonicity in C[0,1] in terms of Bernstein
polynomial inequalities.
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1 Introduction and Main Result

We begin by recalling the required notation and known results for Bernstein
polynomials. Let C|0, 1] denote the space of continuous real-valued functions on [0, 1].

Definition 1.1 (Bernstein polynomials) For an integer m > 1 and 0 < k < m, the Bernstein
basis polynomials are defined as

Pk (t) = <’:> tfa—nm*  telo1].

We set po,o(t) = 1. The mth Bernstein polynomial of f € C[0,1] is defined by

(B0 = Ym0 (£ ). (1)
k=0

It is known that the polynomials By, f converge uniformly to f on [0,1]. Moreover,
Bernstein polynomials preserve monotonicity and convexity, that is, if f is nondecreas-
ing or convex, then so is B,, f for every m [7]. To describe the higher-order property
of g-monotonicity, we use forward differences.
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Definition 1.2 (Forward differences and g-monotonicity) Let ¢ > 1 be an integer and let
f € C[0,1]. The qth forward difference of f with step h > 0 is

q
Al f(u) = Z(—nq—k(Z) fu+ kh), (1.2)

k=0
where u > 0 and u + gh < 1. The function f is g-monotone on [0, 1] if
Al f(u) >0

for every such u and h [2].

The cases ¢ = 1 and ¢ = 2 correspond to nondecreasing and convex functions, respec-
tively. Moreover if f € C9[0,1], then f is g-monotone if and only if f(@(u) > 0 for
every u € [0,1]. To formulate the Bernstein polynomial inequality studied in this
paper, we introduce the following mixed sums and their associated comparison gap.

Definition 1.3 (Mixed Bernstein sums and comparison gap) Let n > 1 and ¢ > 2 be
integers, let f € C[0,1], and let =,y € [0, 1]. For 0 < j < ¢, the mized Bernstein sum is

Jjn (g—j)n

( nqu z,y) Z Z pjna p(q J)nb(y)f<a+b>~ (1.3)

n
a=0 b=0 4

The associated comparison gap is

q—1 ] i o
Hoof(z,y) = 3 (~1)179+1 (j) [(qu (M) - (Tn,q,jf)(ay)} L)

j=1 1

The notation in (1.3) compresses the g degree-n Bernstein sums occurring in the
original formulation. Indeed, repeated use of Vandermonde’s identity [5] gives, for

> Hpn vi (%) = pjn,a(2),

0<vi,..., vi<ni=1
vi+---trvi=a

and analogously for the remaining ¢ — j factors at y. Consequently,

(TngiH)@y)= Y (Hpnu, )) 11 pov. @)

Vi,...,0q=0 i=j+1

(e,
qn

Thus (1.4) is exactly the strengthened comparison of Abel, Leviatan, and Rasa, written
in compressed notation. At the endpoints,

(Toq.0f) (@, y) = (Banf) (), (Th,q.qf) (@, y) = (Bgn f)(2).

Abel, Leviatan, and Raga [2] proved that every g-monotone C]0,1] function, g > 3,
satisfies
Hy f(z,y) >0 n>1, 0<y<z<l). (1.5)

For g = 2, this reduces to

B2) (15 2 S5 b @y ().

a=0 b=0

the sharpened inequality for convex functions proved by Komisarski and Rajba [6] and
by Abel and Rasga [4].



The gap satisfies H, (f(y,x) = (—1)2H,qf(2,y) and vanishes when =z = y, as
follows by reindexing (1.4). Hence (1.5) is equivalent to the all pairs formulation
sgn(z — y)?H, o f(z,y) > 0 used in [2].

To relate (1.5) to the earlier inequality, use the endpoint identities T5, 4.0 f(2,y) =
(Bgnf)(y) and Ty, q.qf(2,y) = (Bgnf)(x). Collecting the remaining Bernstein terms
into a forward difference gives

q

507 () T $)0) = Hoal ) + 0, (B0, 2> 0. (1)

Jj=0

Abel and Leviatan [1] proved that the sum on the left is nonnegative for g-monotone
functions. Since Bernstein polynomials preserve g-monotonicity, the forward-difference
term on the right is also nonnegative for such functions. Consequently, (1.5) improves
the earlier lower bound from zero to the nonnegative quantity A?w_y) /q (Bgn.f)(y)-

Abel, Leviatan, and Rasa [2] proved the converse of the earlier inequality for con-
tinuous functions. They then asked whether (1.5), assumed for every n > 1, also
forces g-monotonicity under continuity alone. The earlier converse does not answer
this question: for an arbitrary continuous f, the last term in (1.6) has no known sign.

For ¢ = 2, the same paper gives a partial answer when f is twice differentiable in
(0,1) [2]. In their follow-up, Abel, Leviatan, and Raga [3] proved the converse for
g > 4 under the same differentiability assumption. For ¢ = 3, they assumed that f’
is absolutely continuous on every closed subinterval of (0,1). These partial converses
allow the inequality to hold along a subsequence of degrees chosen separately for each
pair (x,y). Their proofs use Bernstein asymptotics.

Our main result gives a uniform characterization for every integer ¢ > 2 under
continuity alone.

Theorem 1.1 (Characterization of g-monotonicity) Let ¢ > 2 be an integer and let f €
C[0,1]. Then f is g-monotone on [0,1] if and only if

Hn,qf(z,y) 20
for every integer n > 1 and every 0 <y < x < 1.

The forward implication is the known inequality stated above; the converse answers
the open question in [2].

The proof fixes n and, for u € (0,1), expands H, ,f(u + €,u) about ¢ = 0. The
coefficients of €” vanish for 0 < r < ¢, while the coefficient of €7 is a strictly positive
multiple of (B, )@ (u). The assumed inequality therefore implies that (B, f)@ is
nonnegative on (0, 1), and continuity extends this conclusion to [0, 1]. Hence By, f has
nonnegative gth forward differences. Passing to the limit using uniform convergence
shows that f is g-monotone. Only the Bernstein polynomials are differentiated; f itself
need only be continuous.

2 Proof of the Main Theorem

We prove the converse by computing the first nonzero coefficient of the comparison
gap along the diagonal. For a polynomial P in an auxiliary variable z, write [2¥]P(2)
for the coefficient of z¥. The generating identity

D pmat)2F = (1 —t+t2)" (2.1)
k=0

will allow us to carry out the computation before applying the sampled values of f.



Lemma 2.1 (Diagonal coefficient identity) Let ¢ > 2 and n > 1 be integers, let f € C|0,1],
and put N = gn. For v € (0,1),

im Hmafutew) [ nf 1 @ (y,
laJ,O £ = ((N)q qq> (BN ) (u), (2.2)

where (N)g = N(N —1)---(N — g+ 1). The coefficient multiplying (BNf)(Q)(u) 18 strictly
positive.

Proof Set
A(z) =1—u+uz, b(z)=2—-1,

and define, on polynomials of degree at most IV,

Mk
o) =3 () 1P,
k=0
It follows from (2.1) that, for 0 < j < ¢,

(Th,gjf)(u+eu)= L‘((A + gb)jnA(qu)n) 7

)—z((M;’gb)N).

Let wj = (—1)777 (‘jz) At j =0 and j = ¢, the mixed sum and the corresponding Bernstein

polynomial agree. These zero terms may therefore be inserted into (1.4). Reversing the dif-
ference in brackets changes its coefficient from (—1)777 +1 (;1) to w;. The binomial theorem
then gives

Hyqf(u+eu) =L (((A +eb)™ — A™)1
q . N
3w (A + lsb> > (2.3)
j=0 1
The first term in (2.3) has no powers of € below ¢, and its coefficient of €7 is
nipi AN,
For the second term, expansion in € gives
N q
Z (N) ANfrbri Z(il)qu <q>]-r.
T q" £ J
r=0 7=0

The inner sum is the gth forward difference at zero of the monomial t", where jO is interpreted
as 1, including at j = 0. Successive differences lower its degree, and hence

zq:(_l)qu q j’r — 07 O S r < Q7
= J q,, r=gq.

Thus the second term also has no powers below g, while its coefficient of €7 is

NY 4 paqv-a _ MNaygN-q
q ) q? q?

Consequently,

Hpqf (u+e,u) =&l (nq - (Z:%) LBIANTI) 4 oI, (2.4)

On the other hand, differentiating the finite polynomial represented by (2.1) yields
(BN () = (N)gL(b7AY ).
Substitution in (2.4) proves (2.2). Finally, since N = gn > ¢ > 2,
0<(N)g < N?T=¢gn9,

which proves the asserted positivity. O



Corollary 2.2 (Positivity of the Bernstein derivatives) Let ¢ > 2 be an integer and let
f € Cl0,1]. If (1.5) holds, then, for every n > 1 and u € [0, 1],

(Bgn )\ (u) > 0.

Proof Fixn>1and u € (0,1). For 0 < e <1 —u, (1.5) gives

Hnqf(u+te u)

> 0.
ed -

Letting £ | 0 in (2.2), and using the strict positivity of its coefficient, gives (Bqnf)(Q) (u) > 0.
This derivative is a polynomial, so the same inequality holds at the endpoints by continuity.
O

Proof of Theorem 1.1 Assume first that (1.5) holds. Put gn = Bgn f. By Corollary 2.2, g,(LQ)
is nonnegative on [0,1]. If v > 0, h > 0, and v 4+ gh < 1, repeated use of the fundamental
theorem of calculus gives

h h
Aggn(v)zfo /0 0D 0ty 4o tg) by - dtg > 0, (2.5)

Classical Bernstein approximation gives g, — f uniformly on [0,1] as n — oo [7]. For each
such v and h,

|Afgn(v) = Af ()] < 2%gn — flloo — 0.
Passing to the limit in (2.5) shows that A} f(v) > 0. Thus f is g-monotone by Definition 1.2.
This completes the proof of the converse. For ¢ > 3, the forward implication is the direct

inequality of Abel, Leviatan, and Rasa [2]; for ¢ = 2, it is the sharpened convexity inequality
proved in [4, 6]. O

3 Consequences and Remarks

The proof above uses only comparison gaps arbitrarily close to the diagonal, and it
needs them only along indices tending to infinity. We record the precise form of these
observations.

Corollary 3.1 (A common local subsequence) Let g > 2 be an integer and let f € C[0,1].
Then f is g-monotone on [0,1] if and only if there is an unbounded set N C N with the
following property: for every n € N and every u € (0,1), there is a sequence gy | 0 such that

0<e<l—wu and Hpgf(u+ep,u)>0 (£>1).

Proof The forward implication follows from the known direct inequality, with A" = N. Con-
versely, fix n € N and u € (0,1). Dividing by EZ and applying Lemma 2.1 along the given
sequence yields (Bqnf)(q)(u) > 0. As in the proof of Theorem 1.1, it follows that Byn f is
g-monotone. Since A is unbounded, these polynomials converge uniformly to f as n — oo
through A, and passing each fixed gth forward difference to the limit proves the result. [0

Thus it is enough, in particular, that for each n € A and u € (0, 1) the inequality hold
for all sufficiently small positive €. Corollary 3.1 shows that even a sequence of com-
parisons tending to (u,u) suffices. The unbounded set N is one fixed set, independent
of u; no conclusion is asserted here when the tested indices are chosen separately for
each comparison pair.

For ¢ = 2, Theorem 1.1 takes the following familiar form.



Corollary 3.2 (Characterization of convexity) Let f € C[0,1]. Then f is convez on [0, 1] if

and only if
(Banf) (:c+y) Z ana pnb f<a2+nb)

a=0b=0
for every integer n > 1 and every z,y € [0,1].

Proof For q = 2, Definition 1.3 gives
T+
Hn,2f(x7 y) =2 [(Ban)( B Z/) - (Tn,271f)($,y)} .
The expression in brackets is symmetric in z and y and vanishes on the diagonal, while

continuous 2-monotonicity is equivalent to convexity. The result is therefore the case ¢ = 2
of Theorem 1.1. O
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